The paper formulates a precise relationship between the Tate-Shafarevich group X(E) of an elliptic curve E over Q with a quotient of the classgroup of Q(E[p]) on which Gal(Q(E[p]/Q) = GL 2 (Z/p) operates by its standard 2 dimensional representation over Z/p. We establish such a relationship in most cases when E has good reduction at p.
INTRODUCTION
Let E be an elliptic curve over Q, p an odd prime number, and ρ : Gal(Q/Q) −→ GL 2 (F p ) the associated Galois representation on elements of order p on E. Assume that the image of the Galois representation is all of GL 2 (F p ). The representation ρ then gives rise to an extension K of Q with Galois group GL 2 (F p ). Let Cl K denote the class group of K. The group GL 2 (F p ) being the Galois group of K over Q, operates on Cl K , hence on the F p -vector space Cl K /pCl K . Write the semi-simplification of the representation of GL 2 (F p ) on Cl K /pCl K as V α , where V α 's are the various irreducible representations of GL 2 (F p ) in characteristic p. It is a well-known fact that any irreducible representation of GL 2 (F p ) in characteristic p is of the form V i,j = Sym i ⊗ det j , 0 ≤ i ≤ p − 1, 0 ≤ j ≤ p − 2 where Sym i refers to the i-th symmetric power of the standard 2 dimensional representation of GL 2 (F p ), and det denotes the determinant character of GL 2 (F p ).
It is a natural question to understand which V i,j 's appear in Cl K /pCl K . The aim of this note is to formulate some questions in this direction which can be viewed as a GL 2 analogue of the famous theorem of Herbrand-Ribet, [Ri1] , and [Was] for an exposition. One is hoping for a conjectural answer along the lines of Herbrand-Ribet to say that the representation Sym i (F p + F p ) ⊗ det j of GL 2 (F p ) appears in Cl K /pCl K if and only if the 'algebraic part' of the first nonzero derivative of L(s, Sym i (E) ⊗ det j ) at 0 is divisible by p (in some favorable situations such as when E has good reduction at p).
The authors have not seen any computation of the GL 2 (F p ) representation on Cl K /pCl K into a sum of irreducible pieces (after semi-simplification) where K = Q (E[p] ) is a Galois extension of Q, say with Gal(K/Q) = GL 2 (F p ). Presumably it is not beyond present computational powers to do such a computation say for p = 5; this would be very useful data to have for the problems discussed in this paper. There are examples known due to K. Rubin and A. Silverberg [RS] of families of elliptic curves with the same Q (E[5] ) with Galois group GL 2 (F 5 ). Are there elliptic curves of the same rank, say = 0, in this family, for which the 5-valuation of the algebraic part of L(E, 1) as in the Birch-Swinnerton-Dyer conjecture are different? If our suggestions in this paper are correct then this should not happen!
In an unfinished manuscript of the first author [P2] , a heuristic relating representations of GL 2 (F p ) on H K /pH K and divisibility of certain L-values was given based on factorisation of the class number formula for the Dedekind zeta function ζ K (s):
in terms of the complex representation theory of GL 2 (F p ) on the left hand side of the class number formula, and in terms of mod p representation theory on the right hand side of the classnumber formula involving H K /pH K . We will not detail the heuristic considerations made in [P2] except to say a few words on congruences of automorphic representations and of their L-values. We first fix some notation. We will fix an isomorphism ofQ p with C whereQ p is a fixed algebraic closure of Q p , the field of p-adic numbers. This allows one to define p, a prime ideal inZ, the integral closure of Z in C, over the prime ideal generated by p in Z.
One defines congruence modulo a prime p inQ, of automorphic representations of G(A) for G a reductive algebraic group over Q most simply through congruence of Hecke eigenvalues (i.e., of the algebra H(G(Z p )\G(Q p )/G(Z p ), Z)) at places of Q where G is unramified, i.e., is quasi-split and splits over an unramified extension; for the notion of congruences of automorphic representations, it is best to demand congruence of Hecke eigenvalues only at almost all places of Q where G is unramified, omitting an unspecified finite set of places of Q including those where the group is ramified. (To be able to talk of congruences presupposes algebraicity of Hecke eignevalues.) Observe that transferring representations on a group G 1 (A) to G 2 (A) via a map of the L-groups L G 1 (C) → L G 2 (C) which carries congruent automorphic representations of G 1 (A) to congruent automorphic representations of G 2 (A), allows one to talk of congruences of automorphic representations on two very different groups by embedding their L-groups in a (suitable) common L-group! For GL 2 (F ), where F is a totally real number field, congruences for holomorphic elliptic modular forms are usually defined using Fourier expansions. For the symplectic similitude group GSp 2n (F ), and the symplecic group Sp 2n (F ), F a totally real number field, there is still the notion of Fourier expansion, and one can hope that at least for these groups, algebraicity (resp. p-integrality) of Hecke eignevalues is equivalent to algebraicity (resp. p-integrality) of Fourier coefficients (up to a scaling) of an appropriate 'newform', and that further, congruences too can be read off from Fourier expansion. The recent work of Furusawa and Morimoto [FM] building on earlier work of Dickson, Pitale, Saha and Schmidt on 'Böcherer conjecture' for GSp 4 (A Q ) relating Fourier coefficients to central L-values (which themselves are supposed to have rationality and congruence properties) lends support to such an expectation, although many others have advocated a contrary expectation, see for example, end of page 251 of [Ha] . Modular forms of half integral weight for GL 2 (F ), where F is a totally real number field, have very similar general features in that their Fourier coefficients too are related to central L-values (by the work of Waldspurger), presumably rationality and integrality up to a scalar are the same as that of the Hecke-operators.
If there was a (p-adic) Galois representation associated to the automorphic representations under consideration, one could call two automorphic representations congruent if the associated Galois representations with values in GL n (Q p ) were isomorphic modulo p (after semi-simplification).
We next briefly talk about L-values. According to the conjectures of Bloch and Kato [BK] , the highest nonzero derivative of a motivic L-function at any integral point can be written canonically as a product of an algebraic part, and a transcendental part, allowing one to talk of primes of Q dividing an L-value, which would be a short form for talking of primes of Q dividing the algebraic part of the (highest nonzero derivatives of) the L-function at an integer. We recall, as is standard in the subject, that when speaking of Lfunctions of automorphic representations which are congruent modulo p, the Euler factors above p are to be removed. In some cases, we could be lucky to be dealing with an Lvalue which is itself algebraic. This is for instance the case for Herbrand-Ribet's theorem [Ri1] , and [P] for a more general context involving L-values of finite Artin representations cutting out CM number fields. (Perhaps, highest nonzero derivative of an irreducible Lfunction at an integer point is never algebraic unless one is dealing with these CM Artin representations!) In this paper, we will be comparing an Artin L-function with one of an Elliptic curve which by the Birch-Swinnerton-Dyer conjecture has a well-formulated algebraic part L(1, E) alg .
The questions formulated in [P2] are predicated on the following, general but somewhat vague principle, which seems to lie at the basis of being able to define p-adic L-functions: if two automorphic representations are congruent modulo p, then the algebraic parts of their L S -values (where L S denotes partial L-function, removing Euler factors at S which is any finite set of places of Q containing p, ∞ and any prime where either of the two representations is ramified) at any integral point are both p-integral, or neither are pintegral, and if p-integral, they are congruent modulo p.
MAIN QUESTION
The following question from [P2] is at the basis of this paper.
be the Galois extension of Q obtained by attaching elements of order p on E where p is an odd prime. We assume that Gal(K/Q) = GL 2 (F p ), and also that p is coprime to
, the so-called Tamagawa factors, for all finite primes ℓ. Let Cl K denote the class group of K which comes equipped with a natural action of Gal(K/Q) = GL 2 (F p ). Then if p||X(E)(Q)|, is it true that the GL 2 (F p ) representation Cl K /pCl K contains the standard 2-dimensional representation of GL 2 (F p ) as a quotient? What about the converse?
There are two natural appoaches to attack this question: one which is what we will discuss in greater detail from next section, using Selmer groups, and the machinery of Galois cohomology available to deal with it. The other approach, as in the pioneering work of Ribet [Ri1] is by looking at the congruence of cusp forms with an Eisenstein series. The method of Ribet has two basic steps:
(1) finding cusp forms on GL 2 (A Q ) which are congruent to a given Eisenstein series if the constant term of the Eisenstein series is zero mod p, (2) proving that the associated mod p representation of the cusp form serves the purpose of constructing everywhere unramified extension of Q(µ p ) of the desired kind.
Neither of the two steps is understood for GSp(4) (perhaps not even for GL 2 (A Q ) in some generality?), except that there is a recent work due to Bergström and Dummigan, [BD] where they formulate some general questions along these lines. Note that there are two conjugacy classes of maximal parabolic subgroups in GSp(4) and both could be sources of such congruences, and therefore could have applications to Galois representations. We make very brief comment on what the method of Ribet will give if the two steps above were accomplished.
We first take up the case when the Eisenstein series is one on Klingen parabolic associated to a cusp form (on the Levi subgroup of the Klingen parabolic) so that the associated Galois representation lands inside the dual parabolic which is the Siegel parabolic. In this case, a congruence between Eisenstein series and a cusp form will be a source of
Next we consider an Eisenstein series supported on a Siegel parabolic (so that the associated Galois representation lands inside the Levi of the Klingen parabolic). The Klingen parabolic P in GSp(4) looks like
with N a non-abelian unipotent group of dimension 3 which is the 3-dimensional Heisenberg group, and thus has a centre of dimension 1. Dividing N by the center one gets 2 dimensional representation of GL(2) which thus seems ideally suited to give rise to extensions of K on which the Galois group of K, i.e., GL 2 (F p ), operates by a twist of the 2 dimensional standard representation.
The specific question thus is that if p divides (the algebraic part of) L(1, π ⊗ ω j ), there is a cusp form on GSp(4) which is congruent to an Eisenstein series.
For a specific example of such a congruence, see the paper of Harder [Ha] where for the unique elliptic modular form f for SL 2 (Z) of weight 22, he conjectured existence (which was later confirmed) of certain cuspidal eigenform on GSp(4, A Q ) with the following congruence for Hecke eigenvalues, which we just write down from his paper without further explanations:
for all primes p, except to note that Λ(f,14)
Ω + is an integer, and the crucial reason for the prime 41 is:
41| Λ(f, 14) Ω + .
In the context of Harder's example, an optimistic hope will be that the mod 41 Galois representation associated to the eigenform f of weight 22 for SL 2 (Z) cuts out a GL 2 (F 41 ) extension K f of Q which has an unramified abelian extension on which GL 2 (F 41 ) acts by Sym 1 ⊗ det −8 (or, is it Sym 1 ⊗ det −13 ?).
CLASS GROUP AND TATE-SHAFAREVICH GROUP
Rest of this paper deals exclusively with constructing the standard 2-dimensional representation of GL 2 (F p ) on the class group Cl K /pCl K using Selmer group of E, an elliptic curve defined over Q.
Let Sel p (E/Q) be the p-Selmer group of E over Q defined by the exact sequence
where v varies over primes of Q. Since the restriction map
, we also have the following exact sequence
) is associated to the multiplication by p map (called the Kummer map of E) on the Galois cohomology groups
) be the Kummer map of E over the maximal unramified extension Q ur v of Q v . For every prime v of Q, we get restriction maps
and
Sel
Under the assumption that c v is p-adic unit for every v = p, we shall show that res ur v is the zero map. In particular, this implies that elements of Sel p (E/Q) are unramified outside p. Further, if Z/pZ-rank of Sel p (E/Q) is at least two then we shall show that the kernel of res ur p is non-trivial. Thus we get elements in Sel p (E/Q) which is unramified everywhere allowing us to construct quotients of Cl K /pCl K isomorphic to E[p] as Gal(K/Q) = GL 2 (Z/p)-modules.
Suppose that E has good ordinary reduction at p. ThenẼ p [p] is a rank one F p -vector space, and is the maximal unramified quotient of E[p] considered as a G p = Gal(Q p /Q p )module. Put, a p (E) := p + 1 −Ẽ p (F p ). Since, E has good ordinary reduction at p, a p (E) is p-adic unit and therefore the polynomial X 2 − a p (E)X + p has a unique p-adic unit root. Let α p be such a root. Then, we have a p (E) ≡ α p mod p. The Frobenius at p acts onẼ p [p] via multiplication by α p ≡ a p (E) mod p. Let C p be the kernel of the natural quotient map E[p] −→Ẽ p [p]. Then, G p acts on C p via the character ω p ψ −1 where ω p is the Teichmuller character at p.
be the Galois representation given by the action of Gal(K/Q) on E [p] . If E has good ordinary reduction at p, the restriction ofρ to G p is equivalent to the form
Now suppose that E[p]
is an irreducible Gal(Q/Q)-module. We shall need the following well-known lemma whose proof shall be omitted.
Lemma 3.2. Let G be a group operating on a vector space V over a field F . If G has a central element which acts on V by multiplication by an element of F not equal to 1, then H i (G, V ) = 0 for all i ≥ 0.
As a consequence of the above Lemma we have the following (see [LW] ).
). Now suppose that G contains a non-trivial p-Sylow subgroup. If a p-Sylow subgroup of G is normal in G, then, up to conjugacy, G is contained in the group of upper triangular matrices. In particular, the action of G on E[p] is reducible, contrary to our assumption. Therefore a p-Sylow subgroup cannot be normal in G, so there are at least 2 distinct p-Sylow subgroups in G which can be assumed to be the group of upper and lower triangular unipotent matrices in SL 2 (F p ). Since SL 2 (F p ) is generated by the group of upper and lower triangular unipotent matrices we get that SL 2 (F p ) is contained in G. In particular, −I is also contained in G. Therefore the action of Z(G) on E[p] is non-trivial. Lemma 3.2 therefore proves this lemma.
As a consequence of Lemma 1 if E[p] is an irreducible representation of Gal(Q(E[p])/Q), the restriction map
is a non-trivial homomorphism. Let K f be the field defined by the kernel of res K (f ). 
To show that f is unramified at v it is enough to show that f is p divisible in E(Q ur v ). This follows from the assumption that v is coprime to p and c v (E) is a p-adic unit; see for example, [BLR, Lemma 2] and [AS, Lemma 3.4, Lemma 3.6 ]. (Basically, this result follows from the fact that E(Q ur v ) can be treated as an extension of Z ur v by one of the groups G a (F v ), G m (F v ), E(F v ) depending on the reduction of E mod v, and a finite group of order c v (E) . Observe too, that this crucial fact E(Q ur v )/pE(Q ur v ) = 0 say at places of good reduction uses projectivity of the group variety E, and in particular, it does not hold for G m .)
If v is an infinite place then since p is odd we again get that f is unramified.
If f ∈ Ker(res ur p ), then f is unramified at p and therefore it is unramified at all primes of Q. In this case, res K (f ) is a Gal(K/Q)-equivariant homomorphism from Gal(K/K) −→ E[p] which is unramified at all prime of K and which by Corollary 3.3 induces an injective homomorphism from
Next we show that Im(res ur p ) has F p -rank at most 1, and hence rank Fp (Ker(res ur p )) ≥ rank Fp (Sel p (E/Q)) − 1 which will prove the theorem.
From the structure theory of rational points of an elliptic curve over a local field, we have that E(Q p ) ∼ = Z p ⊕ E(Q p )(torsion). If a p (E) = 1 mod p or ρ is wildely ramified then we shall show that E(Q p )[p] = 0. This implies that Im(κ p ) has has F p -rank 1. Since Im(res p ) ⊂ Im(κ p ) and res ur p factors through res p , proving that the Im(res ur p ) has F p rank at most 1.
First we consider the case when E has good ordinary reduction at p and a p (E) = 1 mod p. From the assumption that a p (E) = 1 mod p, we have H 0 (Q p ,Ẽ p [p]) = 0. On the other hand since ω p is ramified at p and ψ is unramified, G p acts on C p non-trivially.
In the supersingular case, it is well-known that E(Q p )[p] = 0 (see for example, [E] , [K, Proposition 8.7] ). This again implies that rank Fp (Imκ ur p ) = 1. Finally we consider the case when E has CM and a p (E) = 1 mod p. This implies that in representation (3.1), ψ is the trivial character. For elliptic curves with CM we donot need to assume that ρ is wildly ramified, even if a p (E) = 1 mod p in which case we have
Since E has good ordinary reduction at p, we have an exact sequence of G p -modules (see [Gr, Section 2]), 
. From the structure theorem of submodules of Q p /Z p + Q p /Z p and using the fact that Z/pZ + Z/pZ cannot be contained in
. Thus we get an element in E(Q p ) which is non p-divisible, but p-divisible in E(Q ur p ). In particular, the natural map (3.6)
φ :
Since res ur p factors through φ and κ ur p and φ is not injective, we get that the Im(res ur p ) has F p -rank ≤ 1. Hence, the claim follows. Remark 3.8. In Theorem 3.1, all our analysis is done with the Selmer group, not distiguishing the part of it coming from the Mordell-Weil group, and the part coming from X. In fact there have been papers constructing unramified extensions of Q (E[p] ) using the Mordell-Weil group, see e.g. [SY] and [TH] , which give conclusions of the form that if the Mordell-Weil group is sufficiently large compared to number of places of Q where E has bad reduction, then the classgroup of Q (E[p] ) is nonzero. It may be remarked that dealing with extensions of Q (E[p] ) using the Mordell-Weil group is easier in the sense that these extensions come from extensions of Q.
Example 1 Let E be the elliptic curve defined by the equation
The Cremona level of E is 1058d1. Then it follows from [LMFDB] that E[5] is an irreducible representation with full image of Galois representation equal to GL 2 (F 5 ). Further the Tamagawa number is equal to 1 at primes of bad reduction 2 and 23. Again from [LMFDB] , we have that X(E/Q)[5] has F 5 -rank two and a p (E) = −2 = 1 mod 5. As a consequence we get that the ideal class group Cl K for K = Q (E[5] ) has a quotient isomorphic to E[5] as Gal(K/Q)-module.
We mention that to produce a quotient of Cl K /pCl K Next suppose that E has additive reduction at v = p which is potentially good. In this case it is well-known that I v /I K w is a cyclic group of order at most 6. Thus if p ≥ 5 then I v /I K w , has order prime to p and therefore H 1 (I v /I K w , E[p]) = 0. Finally, suppose that p = 3 and E has additive and potentially good reduction at v. In this case I v acts on E[p] non-trivially (see for example [ST, Corollaries 2(b) , 3]). Since
is one. We mention that it is well-known that E(Q ur v )[p] = 0 only when 3 divides the Tamagawa number of E over Q v (µ 3 ). Next, we suppose that E has multiplicative reduction at v = p. If E has non-split multiplicative reduction at v, then there exists a quadratic unramified extension of Q v over which E has split multiplicative reduction. Thus if E has multiplicative reduction at v then it has split multiplicative reduction over Q ur v . This implies that µ know if X(E/Q) ∼ = Z/25Z ⊕ Z/25Z or X(E/Q) ∼ = Z/5Z ⊕ Z/5Z ⊕ Z/5Z ⊕ Z/5Z. In any case, as a consequence of Theorem 3.1, we get that rank F 5 Hom G (Cl K /5Cl K , E[5] ) is at least one. Further, since T is empty, from Theorem 4.1 we get that R 5 (E/Q) ∼ = Hom G (Cl K /5Cl K , E[5] ) and it is a non-trivial group. We also mention that being a subgroup of Sel p (E/Q), in general R 5 (E/Q) may be the trivial group even if Sel p (E/Q) is non-trivial. But in this particular example, R 5 (E/Q) is a non trivial group and every element of Hom G (Cl K /5Cl K , E[5] ) is in the image of R 5 (E/Q) under the natural restriction map of Galois cohomology.
